Lesson 23
Introduction
Understand the Pythagorean Theorem

8.GM.7

Think It Through
What is the Pythagorean Theorem?
A theorem is the statement of a mathematical idea that
someone has proven to be true. One of the best known
theorems in geometry is the Pythagorean Theorem.
It states:

Leg
Hypotenuse

The square on the hypotenuse of a right triangle has an
area equal to the combined areas of the squares on the
other two sides.

Leg

Another way of stating it is this:
In a right triangle, the sum of the squares of the lengths of the legs is
equal to the square of the length of the hypotenuse.
2

2

a

c

b

2

This is often written as a 1 b 5 c , where a, b, and c are the side lengths
of the triangle, as shown to the right.
In this lesson you will look at different ways this theorem can be proven.

Think

You can use a diagram to understand the Pythagorean Theorem.

In this diagram, one side of the right angle (a leg) is 3 units
long, and one side (a leg) is 4 units long. The squares on
those legs are 9 square units and 16 square units. The side
opposite the right angle (the hypotenuse) is 5 units long.
The square on the hypotenuse is 25 square units.

Shade the
hypotenuse of the
triangle below with
your pencil.

Here, a2 1 b2 5 c2 means 32 1 42 5 52.
The sum of the squares is 9 1 16, or 25.
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Think

You can use algebra with geometry to prove the Pythagorean Theorem.

To prove that the Pythagorean Theorem is true, you need to find a way to
show that if a triangle has a 90° angle, no matter what the lengths of the
legs are (no matter what values a and b have, even decimals or fractions),
the sum of the squares of a and b equals the square of the length of
the hypotenuse.
One way you can do this is by cutting out a right triangle and
rearranging copies of it, as shown below. In this lesson, you will show
that the area of the white square in Figure 1 has to be the same as the
sum of the areas of the two white squares in Figure 2. And you will show
that this proves the Pythagorean Theorem.
b
a

All the triangles in
Figure 1 and Figure 2 are
right triangles.

b
c

Figure 1

a

c

Figure 2

Another proof is based on the lengths of the line segments in Figure 1. You will write
expressions to find the areas of the squares, then use those expressions to show that
a2 1 b2 5 c2.

Reflect
1 If two legs of a right triangle are 2 inches and 3 inches, can the hypotenuse be 4 inches?
Justify your answer.
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Guided Instruction

Think About

The Pythagorean Theorem Proof

Let’s Explore the Idea

Complete a geometric proof of

the Pythagorean Theorem.

b
a

b

a

b
b

c

a

c

a
a

c

b
b

c
c
a

c

b

a
b

Figure 1

a
Figure 2

2 Use what you know about supplementary angles and the sum of measures of the angles
in a triangle to show that each angle in the white quadrilaterals above is 90°. Tell how you
know that all sides of each white quadrilateral are congruent.



Now complete the proof.
3 Justify the statement that the area of the two white squares in Figure 2 together is the
same as the area of the white square in Figure 1.


4 How does this prove the Pythagorean Theorem?
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Let’s Talk About It

Complete an algebraic
proof of the Pythagorean Theorem.

5 The diagram shows four congruent triangles. Write an
expression that uses the area of all four triangles and the
area of the white square to show the area of the large

b
a

a
c
c

b

square with sides a 1 b.
6 Now write a different expression for the area of a square with

c

b

c

side lengths (b 1 a). A 5

a

a
b

7 Use the distributive property to expand and simplify (b 1 a) • (b 1 a).
1 (b 1 a) •

A 5 (b 1 a) •
A 5 (b •

1a•

A5

1 ab 1 ab 1

A5

1 2ab 1

) 1 (b •

1a•

)

8 What reasoning allows you to now write that c2 1 2ab 5 b2 1 2ab 1 a2?

9 Subtract 2ab from both sides of the equation in problem 8. What is the result? How does
this prove the Pythagorean Theorem?



Try It Another Way
10 Compare the geometric proof on the previous page and the algebraic proof above.
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Connect

Guided Practice

The Pythagorean Theorem Proof

Talk through these problems as a class, then write your answers below.
11

Apply Sketch a right triangle with leg lengths f and g, and hypotenuse h. Write an
equation relating f, g, and h. Now use what you know about squares and square roots to
write an expression for the length of the hypotenuse, h. Then choose values for f and g,
and find an approximate value for h.



12

Generalize You know a right triangle with legs 3 and 4 units has a hypotenuse of
5 units. Use algebra to show that any right triangle with sides 3n and 4n has a
hypotenuse of 5n.






13

Analyze A right triangle with side lengths 5 and 12 has a hypotenuse of length 13. Use
arguments based on similar triangles to show that a triangle with sides 5n, 12n, and 13n is
also a right triangle.
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Lesson 23

Apply
14

Independent Practice

The Pythagorean Theorem Proof

Put It Together Prove the reverse (converse) of the

C

Pythagorean Theorem:

?
w

If a triangle has sides such that a2 1 b2 5 c2, then it is a right triangle.

Part A Start with triangle ABC, where it is given that x2 5 w2 1 y2,
but the angles are unknown. Follow the logic below to prove that
angle C must be a right angle and triangle ABC must be a
right triangle.

y
A

x
B

i Sketch a different triangle DEF with a right angle at F, FE 5 w
and FD 5 y.

ii How can you find the length of the hypotenuse, DE?



iii Explain how you know that ABC and DEF are similar triangles.



iv Explain how you know that angle C is a right angle.


Part B Summarize the reasoning used above to prove that if a triangle has sides such
that a2 1 b2 5 c2, then it is a right triangle.
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